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Abstract
Correspondence problems are very challenging due
to the complexity of real-world scenes. Some hypergraph matching methods have been proposed for improving the recall of the solution, but the numerous outliers are brought since the precision is rarely considered. To solve this issue, we propose a sub-hypergraph
matching method, which is robust with better integration of geometric information and reduces the difficulty
of NP-hard problem happened in hypergraphs. To narrow the search space and solve the optimization problem, a new prior strategy and cell-algorithm in Markov
Chain Monte Carlo (MCMC) framework is proposed
on sub-hypergraph matching. The experiments show
that our proposed method significantly outperforms other state-of-the-art algorithms.

1. Introduction
Graph and hypergraph matching play central roles in
solving lots of correspondence problems, such as shape
matching, feature tracking, action recognition [1, 8, 2],
etc. However, graph matching leads to the quadratic
assignment problem, NP-hard. Meanwhile, the existing algorithms [11, 4, 5] suffer from sinking into local
minima and are limited to pairwise similarities. When
it comes to high-order problems, hypergraph matching
is superior to graph matching. It explores a mapping
between two hypergraphs and minimizes the differentiation between the corresponding matching hyper-edges,
but it leads to higher computational complexity.
In addition, whether graph or hypergraph matching,
the number of matches is predetermined, and the process is one-to-one matching, which indeed cause more
outliers without considering the precision. Moreover,
these outliers make the matching objective function
non-discriminative, or rather, the existence of outliers
lowers the recall and precision [17].
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Figure 1. A sub-hypergraph matching example. Our
proposed method shows more true matches (yellow
lines) than other hypergraph matching methods.

Sub-hypergraph is a subset of hypergraph with
some nodes removed. Though various of hypergraph
matching methods have been proposed, sub-hypergraph
matching has been rarely involved in the literature. In
terms of other relevant methods [19, 6, 10, 14], they use
hypergraph matching to settle correspondence problems and optimization by increasing the recall while rarely
concerning its precision, meanwhile, they deal with the
one-to-one matching only at the last discretization step.
Furthermore, the search space is considerable complex.
Therefore, the proposed sub-hypergraph structure is
a breakthrough to these problems. On one hand, it provides abundant information with lower complexity than
hypergraph matching, avoiding NP-hard and strict fullmatched. On the other, the number of nodes between
images is relaxed, known as injective matching. Next,
the proposed prior strategy, learned from [3], can decrease search space and computational complexity as
well as improve the performance. In the meantime, a
cell-algorithm based on MCMC framework, establishing on existing hypergraph algorithms, is adopted to
avoid local minima. An example is shown in Fig.1.
Unlike [17], we focus on sub-hypergraph matching
instead of graph matching. Referring to MCMC, several graph matching methods [9, 16, 17] are based on MCMC, which is often produced by Metropolis-Hastings
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th order hyper-edges eP
p01 ,··· ,p0d and eq1 ,··· ,qd . Here, d-th
order hypergraph is a collection of sets with each hyperedge connecting d nodes. Generally, the d-th order similarity is measured by calculating from 1st to d-th order
similarities through a recursive way as follows:

by Eq.(11). (b) Similarity-invariant by Eq.(12).

(MH) algorithm [7]. From an algorithmic point of view,
our method has some resemblance to MCMC structure, but the highlight is that we use MCMC for subhypergraph matching. As for the initialization of hyperedges, we propose a threshold strategy, that is when the
number of nodes is lower than the threshold, we construct all possible hyper-edges, otherwise, we adopt [6]
to create most of them.
In this paper, three main contributions are presented.
Firstly, the sub-hypergraph structure has two virtues: It
is superior to graph and hypergraph, with concise geometrical information and reduced computational difficulty; Recall and precision measures can be evaluated
since the number of nodes is relaxed. As for hyperedges, we propose a new threshold strategy to construct in different conditions. Secondly, we address additional prior strategy which enjoys sparser search space.
Finally, we propose an MCMC framework based on
cell-algorithm to solve the optimization problem. Experimental results show that our proposed method outperforms other state-of-the-art methods. In short, our
method allows robust matching of real-world images.
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where
represents all similarity tensors from
lower-order hyper-edges to d-th order hyper-edges and
γ d is the weighting factor on d-th order similarity. The
higher the values of H, the more similar the tuples. We
abbreviate H d as H for simplification, and the score on
set M can be described as:
X

Score(x) =

H1,··· ,d x1 · · · xd ,

(3a)

1,··· ,d

= H ⊗1 x · · · ⊗d x.
(3b)
which is the summation of all-order similarity values involving d-tuples matchings. Eq.(3b) is the tensor
product expression [15]. Finally, the sub-hypergraph
matching problem is modeled as searching the best indicator vector x∗ of Score(x) under the constraints of
Eq.(1). The objective function is formulated as follows:
x∗ = arg max Score(x).
x

(4)

However, this function is NP-complete, or rather, the
approximate solutions are required.

2. Sub-hypergraph Matching
The goal of sub-hypergraph matching is to identify
0
the best subset of nodes between GP and GQ . Given
P
P
P
P
two hypergraphs G = (V , E , A ) with nP nodes
and GQ = (V Q , E Q , AQ ) with nQ nodes, where V , E
and A represent a set of nodes, hyper-edges and hyper0
edge attributes, respectively. GP is a sub-hypergraph
0
of GP with nP nodes. The solution is determined to
find a set of possible matches expressed by a binary as-

3. Proposed Algorithm
The proposed sub-hypergraph matching method is
based on the prior strategy in MCMC framework, which
performs robustly in the presence of outliers.

3.1

Prior Strategy

0

nP ×nQ

signment matrix X ∈ {0, 1}
. Naturally, Xp0 ,q is
equal to 1 when p0 -th node in V P matches to q-th node

The prior strategy can be expressed as follows under
the constraints of Eq.(1), learned by [17]:

∗

T

x = arg max Score(x) − β D(kxk),
x

(5)

where β is a vector to adjust the weight of each element, D(kxk) equals to kxk2 for measuring Euclidean
distances of x. In brief, the first item is a guarantee of
high-quality affinity, while the second item is a guarantee of a suitable number of matches. The β indicates
the degree of compactness, depended on both affinity
measure and hypergraph size. Then, we use an MCMCbased sampling technique to explore high dimensional
solution space. The dimension d here is fixed as 3, simulating a simple but important case of high dimensional
spaces. The invariant target distribution π(y) of state
space Y is denoted as:

Score(f (y)) − β T D(kf (y)k)
. (6)
T
The π denotes both invariant probability distribution
and target density [18] for these two are in proportional
relationship. The state space Y is defined as {y|y ∈
nP
{0, 1} }, where each state y indicates the activation
of nodes in GP . if yq = 1, the q th node in GP is active
and 0, otherwise. The T here is the simulate annealing
process temperature [13], which has a initial value Ti
and reduced (with the factor C) to the final value Tf
with a number of samples Nmax . Since the exponential
function increases monotonically, the optimal solution
of score Score(f (y)) maximizes the probability π(y).
Then, the function f (y) is formulated as:


π(y) ∝ exp

f (y) = arg max Score(x)
x

(7a)

s.t. M ∩ Cy .
(7b)
P
The set Cy is constrained
P by Cy = {x| a xia =
1, ∀i s.t.yi = 1} ∩ {x| a xia = 0, ∀i s.t.yi = 0},
which is used to restrict the function f (y) to only match
active node of y. In other words, f (y) is the solution
0
of active nodes of y between two hypergraphs, GP and
0
GQ , where GP is a sub-hypergraph of GP . Consequently, the whole framework works like this: (1) Se0
lect an active node in GP according to Markov chain;
(2) Calculate acceptance rate of the update matches iteratively to find their best matches in GQ by obeying MH
rule; (3) Get the final sub-hypergraph matching results.

3.2

State Transition Kernel

The state transition kernel is then designed to set up
Markov chain as:
Q(y, y0 ) = µ(mode) · q(y, y0 ),
(8)
where µ(mode) is the density of the mode, which is
also the invariant distribution of mode. q(y, y0 ) is pro-

posal probability distribution from the current state y to
the next state y0 . The mode has three items: random,
add and delete. The random mode is tailor-made proposal to generate initial state, acts as a random proposal,
which selects state y randomly with µ(random) = 1.
As for another two modes, they are used in data-driven
state proposal with constraint µ(add) + µ(delete) = 1.
In Section 3, we fix µ(add) = 1/2. Accordingly, the
definition of state proposals q(y, y0 ) are given as follows, which are similar to [17]:
 1
ky0 − yk1 = 1 && y0 ∈ Y

P

 n1 −d(y,y0 ) 0
e
ky k1 = kyk1 + 1 && y0 ∈ Y
q(y, y0 ) Z 1

ky0 k1 = kyk1 − 1 && y0 ∈ Y

 kyk1
0
otherwise.
(9)
The top formula above is the random proposal used
for initialization that wanders around from one state to
another. The second and the third formulas are for the
latter iteratively update, which is also called data-driven
proposal. Correspondingly, this proposal is made up of
two steps: First, choose a pattern whether add or delete
a node from the existing activated nodes of the state y
in terms of probability µ(add), then get a particular node by sampling via the second or the third probability
distribution. When add mode is selected, the distribution probability is the negative exponential of the square
distance of state y and y0 , while the delete mode is uniform distribution probability. For any other cases, the
distribution probability is 0. Z is a normalizing constant. Moreover, MCMC usually requires the acceptance
ratio [9] to satisfy the balance condition defined as


π(y0 ) Q(y0 , y)
.
(10)
α(y, y0 ) = min 1,
π(y) Q(y, y0 )
Algorithm 1 : Sub-hypergraph Matching via MCMC
Input:
similarity tensor H
Output: assignment vector x∗
1: Generate initial permutation state y as randomly;
2: T = Ti ; N = 0;
3: while T > Tf do
4:
Calculate proposal distribution q(y, y0 ) (Eq.9)
5:
Sample y0 form q; increase N by 1
6:
Calculate acceptance ratio: α(y, y0 ) (Eq.10)
7:
if random() < α(y, y0 ) then
8:
y = y0
9:
if π(y0 ) > π(y∗ )(Eq.6) then
10:
x∗ = f (y0 )(Eq.7)
11:
y∗ = y
12:
end if
13:
end if
14:
if N > Nmax then
15:
T = T ∗ C; N = 0;
16:
end if
17: end while
∗
18: Return x

If the Markov chain is currently at a point Yi = y,
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Figure 3. Synthetic random matching results. (Best viewed in color)
it then produce a candidate value for the next location
Yi+1 = y0 from probability distribution Eq.(9). The
candidate match is accepted when α(y, y0 ) is satisfied
and the current state moves to the next state Yi+1 = y0 .
Otherwise, the current state remains unchanged. That’s
to say, the next state only depends on the current state.
The appearing new matches will be examined whether
accept or not. When conflicts appear with next state
accepted, the current matches will be replaced.
The proposed algorithm is presented in Algorithm 1.
Our solution space is smaller than original space X.

4. Experiments
In this section, we display the evaluations on three
benchmarks: standard synthetical benchmark, CMU
House sequences, and two real image datasets: the SUN
dataset [4] and WILLOW Object-Class dataset [3]. Our
implementation is in MATLAB with σs2 =0.1. A total of
10 algorithms are compared as shown in Tab.1.

4.1

Standard Synthetical Benchmark

Given point sets P and Q in R2 as hypergraphs. For
each trail, P has inlier points nin , randomly generated
by N (0, 1). Q is made up of nin with additional noise
N (0, σ 2 ) and outliers nout generated via N (0, 1). The
resulting GP and GQ share the same sub-hypergraph
with nin nodes. The similarity functions are as follows:

Table 1. A total of 10 compared methods
method

Graph
matching

Hypergraph
matching

algorithm name
Subgraph Matching Compactness Prior (SMCP)[17]
Max-Pooling Matching (MPM) [5]
Sequential Monto Carlo Matching (SMCM) [5]
Reweighted Random Walks (RRWM) [4]
Integer Projected Fixed Point Matching (IPFP) [12]
Spectral Matching (SM) [11]
Block Coordinate Ascent Matching (BCAGM) [14]
Hypergraph matching via RRWM (RRWHM) [10]
Tensor Matching (TM) [6]
Hypergraph Matching (HGM) [19]

P
Q
2
2
, aq ,q ) = exp(−(kp1 − p2 k − kq1 − q2 k) /σs ),
1 ,p2
1 2
P
Q
P
Q
2
S3 (ap
, aq
) = exp(−λktp
− tq
k ),
(1,2,3)
(1,2,3)
(1,2,3)
(1,2,3)

S2 (ap

(11)
(12)

where λ is the inverse of average of all squared distances, p(1,2,3) represents a hyper-edge (or say tuple)
with three nodes (p1 , p2 , p3 ) in P , similarly, tP
p(1,2,3) denotes the feature vector of the tuple (p1 , p2 , p3 ) which
is computed by the angles of the triangle, and the same
to tQ
q(1,2,3) [6]. Particularly, for effectiveness and accuracy, the number of hyper-edges is adjusted and controlled
through monitoring nin , and the threshold is fixed as 12.
The visualization of distinction is explained in Fig.2.
Sub-hypergraph matching Eq.(12) is depended on versatile geometric information., whereas graph matching
is just rotation-invariant, or pairwise similarity as Eq.(11).
Since we emphasize the importance with respect to
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Figure 4. CMU House sequence dataset.
recall and precision measures, we set two different experiments, (1) varying the number of outliers with no
deformation, and (2) varying the number of outliers
with deformation. And F -score (F1 score) is adopted
to show the influences of recall and precision measures.
The varying deformation case is not included because
its accuracy is equal to recall without any outliers. The
parameter β used in Eq.(6) is fixed as 0.6.
As shown in Fig.3(a), our method performs well,
while other methods drop rapidly. In Fig.3(b), although
our method slightly gives way to RRWHM and TM at
the start, it performs stable and remains ahead of other algorithms with the increasing outliers. Obviously to
see, our method (the red line) mainly appears uppermost
and outperforms other competitive methods. Accordingly, It is useful to high-order matching without inducing the variety of outliers in solution and it can handle
with varying outliers with some deformation noises.

4.2

CMU House Video Sequences

The CMU House dataset is one of the most popular benchmarks [5, 14], consists of 111 house images
with 30 landmark points labeled. The baseline is measured by the gap of the frame sequences. In this test, we
make the condition harder by randomly selecting some
points from one image to match with another. The nonselected points are regarded as outliers corresponding to
an image with background clutters. Thus the matchings
are set as 20 to 30, 15 to 30 points respectively, and the
similarity function is conducted the same as in synthetic
matching Eq.(12) with β = 2.
Though our method is slightly lower than the method
BCAGM and RRWHM at the first few sequence gap
in Fig.4(b), it then rises up and does well as the latest
method BCAGM.

4.3

Real Image Datasets

In this part, two real image datasets are included.
One is consist of the SUN dataset [4], the other is built

based on [3] dataset. In the first dataset, multiple possible matches and ground truths are already given. Then,
we construct similarity tensors for hypergraph matching
via Eq.(12). To get sparseness of tensor H, we remove
the ones that are less than 0.1. The parameter β is equal
to 0.6. In order to highlight the progress of our method
in hypergraph matching, we only compare our method
with other state-of-the-art hypergraph matching methods. Note that this experiment is different from CMU
House sequences as this chiefly reveals the performance
of deformation while the CMU House dataset is mainly
on the performance of outliers. Some comparative examples are demonstrated in Fig.5. Our method is much
more steady and reliable in finding the true matches in
numerous candidate matches.
Table 2. Performance of the second image dataset.
method
HGM
TM
BCAGM
Proposed

Car
0.478
0.675
0.724
0.750

Duck
0.529
0.694
0.762
0.804

Motor
0.529
0.769
0.818
0.850

Face
0.580
0.898
0.923
0.962

Bottle
0.796
0.989
0.997
0.991

The second dataset contains five object classes with
each containing at least 40 instances, in which 10 distinctive points are annotated manually. Though frequently used as a benchmark, it contains a small number
of images. Therefore, we establish image pairs, namely
5886, 780, 780, 1225 and 2145 pairs of the face, motor,
car, duck and bottle classes, respectively. Then, we use
a new tuple construction way that is different from the
first dataset. From previous work [6], the number of tri0
0
angles in GP is nP × nQ , which is randomly selected,
thus some crucial triangles are easily ignored. To over0
come this, we find all possible triangles in GP with
0
nP nodes. Since the number of nodes is not that large,
we do not create outliers as in CMU House sequences.
Finally, we present mean precision of each class shown
as in Tab.2. Clearly to see, the proposed method improves the matching accuracy by at least 2%. In spite
of slightly lower result in bottle class, our method still
outperforms other methods except BCAGM.

5. Conclusions
In this paper, we propose a novel sub-hypergraph
matching method using the prior strategy based on cellalgorithm in MCMC framework, for solving correspondence problems. And our algorithm effectively reduces the original search space by using prior strategy
and outperforms other state-of-the-art methods. Meanwhile, we address both recall and precision measures,

(a) Proposed

(b) BCAGM

(c) TM

(d) HGM

Figure 5. Several examples in real image dataset, true matches are represented by yellow, and blue otherwise.
which not only improves the accuracy of matching but
also eliminates outliers. Extensive experiments demonstrate that our algorithm is robust to the varying deformation and outliers.
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